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Summary. The observation of peaking in power spectra of K current noise in squid
axon (Fishman, H.M., Moore, L.E., Poussart, D.J.M. 1975, J. Membrane Biol. 24:305) led
to the calculation of a low frequency K conduction feature in the impedance (admittance)
which was confirmed (Fishman, HM., Poussart, D.J.M., Moore, LE. & Siebenga, E,,
1977, J. Membrane Biol. 32:255). This paper analyzes two physical phenomena, one
within and the other outside of the excitable membrane, that might account for the low
frequency impedance (admittance) feature. The accumulation of potassium tons in a
space outside the axon in conjunction with diffusion through the Schwann cell layer
produces a low-frequency mode that is similar in some respects to that observed
experimentally. Alternatively, a hypothetical inactivation process, with a voltage-de-
pendent time constant, associated with conduction in potassium channels gives a better
account of the data. Either or both of these phenomena could be involved in producing
the low-frequency impedance behavior in the squid axon.

A new low-frequency (1-30 Hz) feature in the complex impedance of
squid axon was measured recently (see Fig. 1). This feature is of signifi-
cance to a description of potassium ion conduction in an axon because it
was shown to be dependent only upon the state of K conduction, and it
cannot be obtained from the linearized Hodgkin-Huxley equations by
adjustment of parameters (Fishman et al, 1977b; Poussart, Moore &
Fishman, 1977). The low-frequency mode is indicative of a rate process
that is more complicated than the single first-order process contained in
the HH formulation. Furthermore, this impedance feature provides a
plausible link to the observation of sharp corners (peaking) in power
density spectra of K* current noise (Fishman et al., 1975, 1977a,b) from
which it was suggested that K conduction kinetics are not first order.
However, with respect to models of K conduction, Fishman et al. (1977b)
state that it is important to distinguish (i) the overall K conduction
process in an axon, which includes phenomena arising from structures
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Fig. |. Representative complex impedance (magnitude and phase) data of squid axon at
potentials about rest (R). The low frequency (1--30 Hz) behavior (“dip*“ in |Z| and negative
@) is not contained in the linearized Hodgkin-Huxley equations and is the focus of this
paper. An important feature with respect to suitability of applicable models is that the
intermediate frequency of zero-phase crossing moves to the left with depolarization from
—67mV. (From Fishman et al., 19775). Membrane area approximately 0.2 cm?

surrounding the axon, from (ii) phenomena that occur exclusively in the
excitable membrane. It is to this problem that this communication is
directed.

The complex admittance of two classes of phenomena are calculated
and compared with the previously reported impedance (admittance) data.
The first phenomenon involves an extra-membrane process generally
known as diffusion polarization (Neumcke, 1971) in which the K con-
centration outside of the excitable membrane changes during current
flow as a consequence of an external diffusion barrier. DeGoede er al.
{1977) have calculated recently that K accumulation could account for
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peaking in power spectra of K conduction fluctuations. The second
process considered is the effect of a hypothetical inactivation of mem-
brane K channels. K accumulation in conjunction with diffusion through
the Schwann cell layer (SCL) produces a low-frequency feature that is
similar in some respects to the measured impedance. Alternatively, a
hypothetical inactivation process can account for all aspects of the
measured impedance function. Nevertheless, both of these phenomena
could be involved to some extent.

Symbols and Abbreviations

AF = Adelman & FitzHugh, 1975.

APS = Adelman, Palti & Senft, 1973.

PPS  =phenomenological periaxonal space of APS.

HH =Hodgkin & Huxley, 1952.

FH =Frankenhaeuser & Hodgkin, 1956.

GS = Geren-Schmitt space.

AX =axolemma.

H1 =first hypothesis of FH.

H2 =second hypothesis of FH.

SCL  =Schwann cell layer.

6 =PPS thickness, in A.

K;,K,, =potassium (K*) concentrations, in axoplasm and near inner surface of the SCL,
in mm.

K, K, =steady state (under given conditions) and instantaneous K* concentrations in
PPS, in mm.

K, =K,,—K,,, or excess K* concentration in PPS, in mm.

P =permeability to K* through diffusion barrier between PPS and external bulk
solution in cm-sec™ '

M =efflux of K* through excitable membrane, in mmol-cm~?-sec™ !,

t =time, in msec.

to =time at end of falling phase of a single action potential {AP) beginning at t=0.

x =spatial variable used in one-dimensional diffusion, in cm.

P =the Laplace transform variable, complex.

l =diffusion path length in several of the diffusion models, in cm.

K(x,t) =a general potassium concentration exterior to AX.

T = characteristic time in the first hypothesized model of FH, H1, in sec.

D =diffusion coefficient of SCL, in cm? sec™ ™.

My, M =K* flux into the PPS through the excitable membrane, and outward through
the external barrier (including SCL) in mmol-cm™2-sec™ L.

F =Faraday, 96,486.7 C/mole.
Iy =excitable membrane current including all ions, in pA - cm™2, positive outward.
Iy, I, I =1onic current densities, L denoting the Hodgkin-Huxley (HH) leakage, in
pA -cm~?,
tx = transport number for K* through SCL and/or external barrier.

Ena» 8k & = conductances of respective ionic current components, in mS-cm~ 2.
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m,hn =HH parameters, dimensioniess, between 0 and 1.

i =hypothesized potassium inactivation parameter, dimensionless.

as Yk V =reversal potentials for respective ionic currents, mV.

8 =total membrane conductance, mS-cm~2.

Vi =potential difference across excitable membrane, inside minus outside, in mV.

Vior =potential of axoplasm relative to 0 reference as external bathing solution
or extracellular fluid, in mV.

K = phenomenological proportionality constant between FAK, and I,,.

R, =specific resistance in series with HH pathways, in ohm-cm?.

Note: For dimensional consistency in numerical evaluations of Egs. (1) and (10) in this
paper, and Eq. (12) of Adelman and FitzHugh (1975), some of the above dimensioned
physical quantities must have factors applied as follows:

Computational 8=10~2x 6 (units of 100 A)

Computational B = 1000 B¢ (units of 10~ %cm-sec™ )
Computational M =10 x M (units of 10~ %mmole. cm~2-sec™ 1)
Computational F=10"3xF (units of 10° C-mole™1)

All other quantities are entered into equations in the units specified in the list of symbols.

Possible Models for the Low Frequency Feature
Potassium Accumulation

Definite improvements in the descriptions of action potentials in
squid axon have been attained (e.g., Frankenhaeuser & Hodgkin, 1956,
hereafter FH; Adelman, Palti & Senft, (APS), 1973; Adelman &
FitzHugh, (AF), 1975) by incorporating effects of potassium accumulation
in the periaxonal space into the Hodgkin-Huxley model (HH). Therefore,
it would seem reasonable that some contribution might be noticeable
with small signals. It appears that this effect can explain a part of the
observed low frequency small signal behavior. Several variations have
been proposed and are discussed subsequently.

H1: According to the first hypothesis put forward by FH, there exists
a finite aqueous cylindrical space (“periaxonal space”), with thickness 6
surrounding the axon membrane, bounded by a concentric and very thin
outer barrier to diffusion. Potassium ion concentration in excess of the
steady-state concentration, K, is assumed to be uniform throughout the
space. Outward flow through the barrier is taken to be small in compari-
son with outward potassium current through the excitable membrane
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into the phenomenological space during the falling phase of an action
potential (denoted AP). With Py as the permeability of the outer barrier
to potassium ions and M as the potassium through the excitable mem-
brane,

dK,

R == (M = KK (1)

H?2: In the second hypothesis of FH, there exists a finite diffusion
barrier between the excitable membrane and the external bulk solution,
but no aqueous space. The exterior of the membrane is assumed to be in
direct contact (§=0) with a uniform layer of thickness [, with diffusion
coefficient D,. For solutions to this problem, see FH and Crank (1975).

Difficulties with strict adherence to either hypothesis are discussed by
FH, who favor H1. It is mentioned (FH) that all evidence at that time
probably could have been explained by a combination of H1 and H2,
with 50<6<100A. HI is then more in agreement with clectron micro-
graphic examinations of the periaxonal space (Villegas & Villegas, 1960;
Geren & Schmitt, 1954). The major difficuity with H2 is that it predicts a
substantial K accumulation during an action potential such that Eg
would be reduced significantly. This is contrary to the observed after-
potential behavior. o

APS: A more recent potassium accumulation model has been devel-
oped by Adelman, Palti, Senft and FitzHugh (Adelman & Palti, 19694, b;
Adelman et al.,, 1973; Adelman & FitzHugh, 1975), including a phenom-
enological periaxonal space (PPS), possibly corresponding to “Geren-
Schmitt space,” the SCL and the external solution. Their system equation
is the same as Eq. (1), with the identification of

M=M,-M, )
as net flux into the PPS, where

My =I/F | (3)
and
M,=t1,,/F. 4)

Here, ¢ is the transport number for K*, I,, is the total membrane
current, F' is the Faraday, and

Iy =gx(Vy— W) (5)
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is the potassium-ion current, with

g =g n* (6)
and

= (o, (V) (1 =)~ B,(V)n] T, (7)

— (I'-6.3)/10
T,= QTS

and

In the APS model, o, and §, are altered somewhat from the function-
al form of HH, providing a higher value of g mainly to account for
experimental results (e.g., Fig. 8, Adelman et al., 1973),

Modified APS: In contrast with APS, the present computations will
utilize all original HH functions for o, f,,, o, B,, , and f,. However,
other HH parameters have been changed as noted in figure captions in
accordance with the description of K conduction obtained by fits of low
frequency impedance data by Fishman et al. (1977b). A second modifi-
cation will involve the inclusion of K* transport via I,, through the
SCL; with distinct transport numbers

t E——~—K¥—-— if I,,>0
K+ Na, +Cl M
tK: KO se (8)
Igin =m if IM<O
depending on whether I,, 1s inward or outward. Here, K, is the
instantaneous, average K* concentration in the PPS. Figure2 diagrams
the situation.

MODIFIED APS

Fig. 2. Schematic comparison of the potassium accumulation models. The spatial variable
x is positive to the right and outward current is to the left. See text for details
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It may well turn out to be necessary for improved fits to modify a,
and f, if n indeed depends on external potassium concentration (Adel-
man & Palti, 1969b).

The K* component of I,, was included as a modification of APS,
although it amounts to only a 1-2 9 correction at rest, primarily to have
more accuracy at low frequency and at hyperpolarizations for purposes
of modelling. The inclusion of this small component, ty.u I, (see Fig.2),
is also consistent with a return to the original HH functions o, and §,,
since APS has the effect of increasing g due to a change in driving force
as a consequence of accumulated K* in the PPS. Part of the increase of
gk, as consistent with experimental data, could be due to ¢, I,,. External
concentrations are nominally K, =10mm, Na,=460mm, Cl,=540mwm,
and K, ranges from about 10.1 to 10.2mm for a few millivolts de-
polarization. At rest ¢y =0.03, and thus varies about 19, during the
recovery phase of an AP. This is in agreement with FH estimates that
one AP raises K, about 1.1 mm at 17.5°C.

Let K,, be the steady state K™ concentration under maintained
conditions and K, be the instantaneous concentration in the PPS. The
potassium excess concentration is defined as '

KSEKsa— Kss' (9)
The APS equation for K, modified to include ¢, I,, is then:

K, =(Ix~tly—FR K )/(F6). (10

In addition to Eq. (7), the other HH system equations are

m=[o, (l—m)—f,m]T, (11)
h=[o,(1—h)— B, h] T, ‘ (12)

Iy=CoV+ 8oV —Vad + & V=V + &V = V) (13)
Exa=8na™’ h (14)

gx =8k n* (15)

Equations (7) and (10){13) are the system equations for the modified
potassium accumulation.

Linearization of a Generalized Model

With little increase of mathematical complexity, the potassium accu-
mulation system can be considered as coupled to the SCL diffusive
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system (Adam, 1973), the combined system linearized, and the AC small
signal characteristics of either subsystem obtained as special, limiting
cases. The general system will also provide for more convenient compari-
son between FH, APS, AF and inactivation models.

The linearization of Eq. (13) is:

Aly=Co  AVy+ g AVye + 8 [403 (Vi — V) An—n? AV ]

+gNa(3m§o thm+mgoAh)(VM—VNa) (16)

o =BnaMo hoy + B nE 42,
The Nernst equation for K* reversal potential is

. RT
I/K—‘:?ln

K,

i

(KSS + Ks)

which linearizes as

RT K,

SSs

(18)

Equations (7), (11) and (12) are already linear, but for consistency of
notation these can also represent small fluctuations about steady-state
values by subtracting right-hand sides evaluated under steady state:

A=[A, AV, — Am/t,] (19)
Ah=[A,AV,,—Ah/t,] (20)
An=[A4,4V,~ Anj,] (21)

where, with prime denoting differentiation with respect to V,,,

A, =[o,(1—m )= fom T1T; Tn=thp)" YT

Ap=To5(1=h )= Bh 1Ty m=(, )" T

A=l (1—n)~P,n T  1,=(0,=p) T/
The effects considered in this paper occur over a limited potential
range (+10mV about rest potential). Thus phenomena produced by
electro-kinetic volume flow through the SCL are negligible according to

Adam (1973). The system equation for diffusion through the SCL,
considered homogeneous, is

0K /ot =D 02K /ox>. (22)
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K(x, 1) is the potassium concentration in the SCL at a depth x referenced
to x=0 at the bulk solution interface (see Fig.2). Equation (22) is
coupled to the APS model at the inner surface of the SCL at x=/[ via
equating flux across this boundary:

DOK /0x],_,=(I—t I,,)/F —0K.. (23)
A boundary condition at the outer surface of the SCL is
K(@©0,5=K,,. (24)

K,, 1s the instantaneous deviation from steady state of the potassium
concentration near the inner surface of, and within the SCL. As might be
expected, the change in K, during accumulation, 4K _,, turns out to be
small, being on the order of 0.5 mm. Its effect was investigated using the

phenomenological approximation
4K, =«[1,,/F] (25)

where «x is a proportionality constant. Equation (25) represents a buildup
of potassium due to a reflective barrier and follows from the Nernst
relation.

The Laplace transform of a function Af(t) will be defined and
denoted by

00

of (p)=1 4f () e~7"d.

0

Operating on both sides of Egs. (16) and (19)(22) with the Laplace
transform, we obtain

M y=(Cyp+g,) 5VM+QK4”30(VM“‘ Vi) on—gyg ngoRT(FKss)_ ! oK,

+Zxa(B3m2 b om+m3 5h) (Vo — Vi) (26)
pom=[A, éV,,—om/zt, ] 27
poh=[4,6V,,—oh/z,] (28)
pon=[A,0V,,—dn/t,] (29)
p oK =D(d* 6K /dx?) (30)

the latter having boundary conditions

5K (0, p)= 0K, (31)
and
[06K /ox],_,=(dIx —ty 61,)/(FD)—0p 5K /D. (32)
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The right-hand side of Eq. (32) will be denoted C in the following. A
general solution of Eq. (30) is,

Ae"* 4 Ben*

5K:WW (33)
where y1=~y3=1/}3755y
and A= 0K ,ve " -C
B=C-9K,, ye"

C=[doK/dx],_,.
Consequently, Eq. (33) becomes

Csinhyx+ 0K, vcosh y(lwx)
ycoshyl

SK = (34)
It will be assumed that K does not deviate significantly from the
linear, steady-state relationship (18); thus,

RT

V=
With the definitions of g, g,, and g, in Fishman et al. (1977b), Egs. (26)—
(30} and (35) can now be combined and solved to obtain the membrane
admittance (see Appendix I for the derivation of ¥).

Yy =80,,/0Viy =Y, +g, + Vet Y, (36)
g md kO & 37b
Yo =8na M, 7°°+1+prm+l+prh (37b)
RS _5 4 gAn gAK 37
Y gan+M1+p'cn+1+er (37¢)
where
B (Pt Y
s n 38
§ = —PM(P + PM)~! [gKn 4 BTk ] (38b)
(tx ~7,)
and where

K tanh(y 1)
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RT _ Dy ]
Mo B o4 —
A= gy 8t [1+sinh(y T
TK:G/(PK+PII(\4)
k=F[oK,,/01,].

Finally, with the addition of a series resistance element, R, to account
for experimental conditions, the total admittance becomes

Y =Yl + R V). (39)

In the APS limit as D/l— P; (as D and [ become proportionally small)

oK(l,p)—0K(0,p)

D[8 6K /ox],_,=limD :
1-0

=lim (D/I) 5K(, p) = P% 5K,
-0 (40)

since 0K (0, p) =0, and Eq. (32) goes over to the Laplace transform of (10),
with K(I) as K. Further, in the specialization to the APS model, x=0.
Thus,

%tanh (yh—1

Dy

sinh(y 1)

Consequently, Pi— P

RT _
R - =8 (L —1y).

K

2
ss

From Eq. (37¢), it can be seen that the original g, branch must be
modified and an additional branch added to the original Hodgkin-
Huxley equivalent circuit (see Fig. 3). The second term, with pole at
—1/z,, contributes an RL branch, which may be lumped together with
the Hodgkin-Huxley potassium RL branch. This effectively increases g,
to g,. The third term, with pole at — 1/z,, contributes an RL branch with
negative element values if 7, >7,. It can be shown that in an equivalent
representation, the conductance gx (=gg nl) is in series with a parallel
combination of capacitor and shunt resistor having values

R'=—ggx (g +8x) >0 (41)
o N ) @)
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Fig. 3. Electrical circuit description of axon small signal behavior of K conduction. (a):

From the linearized Hodgkin-Huxley equations. (b): Inclusion of K accumulation in an

extracellular space according to Adelman er al. (1973) and Adelman and FitzHugh

(1975). (c): Transformation of circuit in b to one having positive element values for
T >1,. See text for definition of parameters

It is of interest to note that an alternative circuit representation for K
accumulation has been obtained by de Goede et al. (1977) that can also
produce peaking in the power spectrum of fluctuations from the K
system.

Potassium Inactivation

A possibility quite distinct from the extracellular hypotheses consid-
ered so far is that either the long term potassium inactivation observed in
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giant axon (Ehrenstein & Gilbert, 1966) produces pertinent effects at
characteristic times much shorter than observed (of the order of minutes)
or there exists a second inactivation mechanism with more rapid kinetics.
A justification for considering a hypothetical K conductance inactivation
with 7=~30msec is based upon the following facts:

In essentially all experimental studies of K conduction, a “droop”
occurs in Ig(t) for long duration step clamps. This droop has been
considered a nuisance to the experimenter rather than something of
phenomenological importance (Adam, 1973). In addition, at long times,
polarization of electrodes and aberrations in guarded current measure-
ments (Poussart et al., 1977) complicate the interpretation of data.
Furthermore, most experiments have been done at relatively low tem-

—100
T
msec
+50
L L | 1 |
-30 ~20 -10 o 20
mVv {R.P) Vi
-
—+-

L | i | 1
-30 =20 -10 (o} 10 20
mv vm

Fig. 4. Potassium inactivation model: 7,(V) is the inactivation time constant and i is the
inactivation parameter. Both of these are functions of potential as shown
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peratures (3-6°C), whereas the effects that are considered in this paper
have been observed only at high temperature (16-18 °C) (Fishman et al,,
1977b).

Thus, it is not possible, at present, to exclude a K conductance
nactivation from consideration as an explanation for the droop in I (?)
at long times or for the low frequency impedance behavior.

A potassium inactivation could, at least qualitatively, explain the
observed low frequency admittance over a limited V), interval. To
demonstrate this, an HH-like expression for inactivation of a branch
conductance will be considered

g =18 iy ' o T(Vyr— Vi) (o + ). (43)

Here an arbitrary exponent has been included, although it might be
expected that r will not be very different from 1, as in the sodium
inactivation. From Eq. (43), g; is seen to be negative for V,, >V if, and
only if, the last factor is negative. The parameter i is taken to satisfy a
differential equation like (12), hence under steady-state conditions:

oA —i (o + B) =i, /7. (44)

By Egs. (43) and (44) g, is significant only over the bounded interval
where n? is non-negligible and, at the same time, 7, is large negative (see
Fig. 4, top). Figure 4 (bottom) shows the inactivation voltage-dependence
finally chosen to fit the low-frequency impedance feature. This is not very
much different from that of Ehrenstein and Gilbert (1966).

Circuit Considerations

A resistance, R,, was considered in series with each of the above
models, and with various combinations. R, was usually varied around 7
ohm-cm?. One additional equation

V=V~ IR (43)

s
is then required to relate V,, to the total potential difference, V,,
between external bathing solution and axoplasm.

A characteristic common to all the models is that the linearizations
can be represented in terms of parallel branches effectively across the
membrane element. Before discussing the detailed distinctions, therefore,
some perspective can be gained by considering the possibilities abstractly
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from the point of view of equivalent circuits. The classical HH model
yields a circuit (Chandler, FitzHugh and Cole, 1962) consisting of a
parallel combination of capacitance, chord conductance (g,) and RL
branches. The potassium RL branch forms a “parallel resonant” com-
bination with the membrane capacitance. A parallel combination of
resonant branches, containing two opposite susceptive elements all of a
given type (i.e., parallel resonant or series resonant) will either show local
minima, or local maxima, but not both. Thus, if membrane capacitance
together with a single potassium RL branch is considered as a parallel
resonant circuit which accounts for the observed impedance resonant
peak in squid axon (with suppressed Na conduction), then the dip-
producing phenomenon requires, in addition, either an RC or a series
resonant branch. Consequently, all models that can possibly account for
the low frequency mode (Fig. 1) must effectively introduce either an RC
or a series resonant branch across the HH element.

Computations and Comparisons

Our criteria for fitting the data are the following:

1) The preservation of a substantial resonance at rest and depolarized
potentials.

2) The correct voltage dependence of the zero crossings in the phase
function.

3) Agreement with both the magnitude and phase functions at
frequencies below 30 Hz.

We did not attempt to interpret these criteria quantitatively. One fit was
considered better than another when there were unequivocal improve-
ments in one or more of these criteria.

From extensive computer calculations involving systematic variation
of each parameter in the model, a number of difficulties in attempts to fit
the APS model (using modified «, and f, as well as the HH functions)
were encountered, whether the model was corrected for t; I, or not.
These are summarized as follows. First, within a few orders of magnitude
of reasonable parameter values, a dip between 10 and 20Hz which
appeared in the model (Fig.5) did not recede satisfactorily as Vi, was
depolarized to between 10 and 20 mV, where there is no dip in the data.
Second, the minimum of the dip would move from around 25Hz at
—9mV to well over 100 Hz at +9 mV, whereas the resonant peak would
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1 10 100 1000

f Hz
40— (a)

ONa = OmS/em® G = 50 g, =038 gs = 143
VNa = 115mv = Vi = -23 P? = 3.41x10%m/sec

Ko = 10mm  K; = 283 Kg = 10.4

T =201% Q=2 O =a379A

Fig. 5. Complex impedance with potential calculated from the APS (Adelman, Palti &
Senft) model: (a) with modified values of HH parameters, (b) with modified values of HH
parameters and an increase in 6 (379 — 1000 A) (the dip and resonance in |Z] are more
pronounced with potential variation), and (c) with significant changes in K, g;. ¢ and
K, from the values used in b to give a better approximation to the representative data in
Fig. 1. Original HH values give much worse fits of impedance data in all cases. ¢
represents the best approximation to the data obtained by systematic variation (10-fold)
of all parameters in the APS model. Potentials in this and subsequent figures are relative

to rest (0 mV = —60 mV absolute)
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1 gl 1 Loyl i [ |

1 e 10 100 1000
f Hz

ONa = OmS/em?2 g = 50 g, =8 gs =143
VNa = 115mv Vi =-188 Py = 3.41x10"%cm/sec
Ko = 1omM  K; = 284 Kg = 10.4

5 T = 291°K Q= 2 © = 1000A

move from around 100 to 200 Hz. The first point is reminiscent of an
carlier simulation (Fishman et al., 1977b) with an RC element in series
with the HH membrane, although the magnitude of the dip in the APS
model went away rather better with depolarization. The second obser-
vation of a tendency for the dip to overtake the peak with depolarization
appears also to have severe effects on the phase function, whereas the dip
of a previous simulation moves much less and has a better phase fit
(Fishman et al., 1977b). A third observation is that at §=1000A there is
an increased tendency for the dip to overtake the peak, disappearing by
depressing the latter. In the data, dips tend to move to the left rather
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Izi
1o txim CORRECTION TO -6mV
kQ S S am——
O e s
i -2
1 i i 112 IJ_l 1 L A . l_[ A i1 1 L1l ]l]
1 10 100 1000
f Hz
40 (C)

Ipna = Or'ﬂS/cm2 9g = 50 gL =12 gg =143
VNna = 115mv Vg =17 PKS = 2x10'zcm/sec
Ko = 2mm  K; = 284 Kg=2

5 T = 201°K Q= 2 © = 1000A

than the right, for membrane potentials increasing from —70 to —59 mV
(Fig. 1). A related difficulty is the movement of the low frequency zero-
crossing in phase: in data it moves to the left (Fig. 1), whereas in APS
simulations it moves to the right with depolarization, when it exists at
all, and the lowest zero-crossing (see —61 mV, Fig. 1) for APS has not
been found in the present simulations, for a wide range of parameter
values. In general, 6 was found to be best at the APS nominal value of
379 A, but g, had to be increased to 0.8 mS/cm®. A representative ty I,
correction is shown in Fig. 5¢ as a dashed line near the corresponding
solid curve.

The potassium inactivation model could be adjusted to fit better, on
the whole, than the APS model, with an inactivation parameter having
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Ona = OmSAm? Gx = 50 g, =23 gs = 143
VNa = 115mv VK = -22 T = 40msec

Ko = 1omm K; = 284

T = 291°% Q=2

Fig. 6. Complex impedance with potential calculated from the potassium inactivation

model (a) 7, independent of potential, and (b) 7, dependent on potential as in Fig. 4. In a

middle zero crossing with potential is still incorrect; however, in b it moves to the left

with small depolarization from —2mV and the dip in |Z| disappears for extreme hyper-
and depolarization as in the actual data (Fig. 1)

voltage-dependence as in Fig. 4 and with a voltage-dependent time-con-
stant, also plotted in Fig. 4. With only the inactivation parameter
voltage-dependent, the predicted dip moved to the right with depolari-
zation (Fig. 6a) as with the models considered previously; but with the
time-constant t;(V) decreasing with ¥, the magnitude could be fit closely
(Fig. 6b). Unfortunately, the phase remained at best a qualitative fit, but
correct at least as to the direction of movement of the middle zero-
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1zl

kQ
-cm

¢° 2mvy

-40

80— gk.9. Onar 95, Vk: QT as Fig.6a

6 Tj as Fig.4

crossing. The explanation seems to be clear: inactivation produces an
admittance branch which contributes essentially the feature of a first
order process (a Lorentzian in terms of impedance squared-magnitude).
This impedance “shoulder” tends to rise with hyperpolarization, even-
tually engulfing the constant component of the other potassium terms
consisting of a resonance peak. If it rises vertically, it produces a dip over
a finite interval, but one which moves to the right. If, on the other hand,
the shoulder moves to the left as it subsides with depolarization, then the
dip (and the zero-crossing) moves to the left. Without the voltage de-
pendence of 7;, the inactivation model suffers the same drawback as the
Adam model and APS: the middle zero-crossing moves to the right.

The fits of the combined APS plus Adam potassium accumulation
model [Egs. (26)«33)] were improved (in particular at frequencies below
10Hz) over those obtained with APS alone by setting k=80 (Fig. 7).
Over a small range (—2—5mV) the high frequency zero crossing in
phase moves to the left with depolarization.
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.cm?

T T

gl Lo gl L llllU_Il
f 100 Hz 1000

D,§N,,§K,VK,gs,K;,Ko»Qm,T as Fig. 6a
d§=60f £ =001 K = 80mM/(mA/cm?)

Fig. 7. Complex impedance with potential calculated from modified APS and Adam
model with a diffusion barrier located at the outer limit of the SCL

Summary and Conclusions

The two classes of models considered are:

1) potassium accumulation in a phenomenological periaxonal space;
(H1) (H2) (APS) (Adam)

2) potassium conductance inactivation.

These were tested in conjunction with a series resistance through the
SCL. Over reasonable ranges of parameter values, the potassium accu-
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mulation model tended to produce much larger dips and negative phase
than the K conductance inactivation model and for depolarizations the
dip did not disappear satisfactorily. Moreover, the dip due to potassium
accumulation moved to the right with depolarization, whereas a voltage-
dependent K inactivation rate constant could make the dip due to
inactivation move to the left. Consequently, the phase form for in-
activation was closer to data than for accumulation. However, when the
accumulation was coupled to diffusion through the Schwann cell layer,
significant improvements in the fit of admittance data were obtained.
The best accumulation model suggests that, in addition to the accumu-
lation and diffusion, there is a barrier to flow in the outer Schwann cell
layer. However, at this point we do not have an explanation of this
hypothetical barrier. We conclude that both 1 and 2 above can produce a
low frequency mode in the complex impedance (admittance) of squid
axon that is similar to that observed.

We thank Dr. Richard FitzHugh for his comments on the manuscript and an
equivalent circuit representation of the K accumulation model and Dr. H. Richard
Leuchtag for carefully reading the manuscript. In addition, we are grateful to Dr. K.S.
Cole for discussions. This work was supported in part by NIH grants NS 11764 and NS
13778.

Appendix 1
Derivation of the Potassium Admittance, Y

At the SCL-PPS interface (x=I), K=K, and, from Eq. (34),

oK ,=puoK,,+ Cv (A1)
where
p=(coshy~!

v=y"'tanhyl
The Laplace transform of Eq. (25) gives
oK, ,=x F~16I,.
Then, Eq. (A1) becomes

K =puxF~toI,+ Cv
and
C=v"[6K,—urxF~14I,]. (A2)
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Returning to Eq. (32),
[06K/0x],_,=C=(FD)~'[6I —t, 61, ]—pOD ' 0K,
consequently,
v 0K, —ux F~ 181, ]=(FD)~'[0l —1t 61, ]—pOD~'SK..
Solving for 6K, with 81,,=0d1 for simplicity,
0K ,=F~'[Dv '4+p0]~ ' ol (1+4) (A3)
where W =prxDv=1—1.

From Eq. (26), the potassium conduction portion of the equation is
obtained by setting gy, =g; =0. Thus,

4gen A, (V= V)
l+pr,

5l = [gK nt + ] 5V, —gn* RT(FK, )~ ' 5K..

Substituting for 0K from Eq. (A3) and collecting terms,

= 4 1
gene RT  (1+4) ] [_ 4 g ]
ol 11 = " oV
K[ TR, Dy 1py) Bt e |0

Let Pi=Dvy~'=Dy(tanhyl)~!
Bf=guns, RT[F* K17 (1+4)
—gen* RT[F?K, ]~ [1 4+ Dicy(sinhy )~ —,]
e =0[P¥+ P
Then

sI [1+ g ]—[“ nt 4 8n ]51/
KU T Be+p0)) 1B =Ty [

The above yields the admittance

_O0 K [g pt o 8 ](1+p0/PK>
oy PM+P LR T14pe,] (T4t

The effect of K accumulation vanishes as [— 0, for which

(Ad)

PK
-
PY+ P

B — o, I, 1¢—0

and so
Y HH
Y > Y,
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In order to obtain YK in the form of Eq. (37¢) we expand (A4) into partial
fractions.

Let
__x _
aﬂPIé”-FPK’ then 0/P =1/a.
Eq. (A4) becomes
% - 1+(p 1x/a)
Y — 4+ gn ) K
K a(gKnoo I+pr,] 14p,
o (Bxnt+eg,tiwgntt)atjor
P (o) = B S0 T8 ] @ B L) (@+) o ) (AS)
I+jor,)(1+jo 1)
Let
“ A B
Y=g, n* +— — -+ —— A6
K T T T o, (A49)
so that

(I+jor)(l+jotn) Ye=gnt(+jot)l+jwg)
+A(l+jor)+B(l+jor,)

=(gent +A+B)
+jwlr, 8k ni} + B) +1¢ (8k njo +A)]

—w? g n, T, 7.
Therefore, from Eq. (A5), equating real and imaginary parts, we have

gK”jo +A+B=a('g'ano +g,)
and
T,(Bx Mo + B) +1¢ (B njo +A4)=(gx ngo +g,)Tx tagk ngo Ty

Solving the above equations for 4 and B yields

A=g,[1-(1—a) =]

T,—Tx
B Z(E(M/B()a (8 o (tx —T,) + 8, Ty (T, — 7)™

If we let

then

which is Eq. (37¢).
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